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Abstract
We determine all plane-filling curves on the square grid that are generated by folding morphisms, up to order 53.
These morphisms are given in terms of Lindenmayer systems containing just two non-constant letters. This set of
curves is the natural choice containing the Heighway-Harter dragon as its most simple element.

Introduction
The curve shown in Figure 1 is the best-known example from the class of curves we consider here. It is called
the Heighway-Harter dragon (or just Heighway dragon) and was described in detail by Davis and Knuth in
[3] and reprinted in [4]. See [6, Chapter 15, pp. 203ff] for a very accessible description of this curve.

Figure 1: The Heighway-Harter dragon.
L |--> L+R
R |--> L-R
Axiom: L+__R

The curve can be described using a Lindenmayer system (abbreviated as L-system), a triple (Ω, A, P) where Ω
is an alphabet, A a word over Ω (called the axiom), and P a set of maps from letters in Ω to words over Ω,
containing one map for each letter [1, Section 1.2] [7, Section 1.2, pp. 3ff]. The L-system for the curve has the
alphabet {L, R, +, -}, axiom L, and maps L 7→ L+R, R 7→ L-R, + 7→ +, and - 7→ -.
Here we describe L-systems equivalent to the folding morphisms given by Dekking [5]. These L-systems
have two non-constant letters, L and R, and the production of L (the image W of the map L 7→ W) specifies the
L-system completely. The production of L is of the form L 7→ L?R?L?R?L?R?L... where each ? is either
+ or -. We omit the constant maps + 7→ +, and - 7→ - from here on. The production of R is obtained by
reversing W, swapping letters L and R, and swapping letters + and -. For example, with L 7→ L+R+L-R+L we
get R 7→ R-L+R-L-R.
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Figure 2: The nth iterates for n ∈ {0, 1, 2, 3, 4, 5} of the L-system for the Heighway-Harter dragon.
For rendering, draw a line of unit length for each letter L or R, make a turn by +90◦ for + and −90◦ for -. The
initial position and heading are arbitrary. The curve shown in Figure 1 starts at the black part. The change of
color mid-way indicates that the curve can be decomposed into two identical halves, connected by a 90◦ turn.

Figure 3: A curve of order R = 5 with maps L 7→ L+R+L-R+L and R 7→ R-L+R-L-R.
The order R of a curve is defined as the number of letters in the production of the letter L, for example, the
curve shown in Figure 3 has order R = 5. We call the word obtained by k-fold application of the maps on
the axiom the k-th iterate of the L-system and the corresponding drawing the k-th iterate of the curve. The
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doing the following: For the R − 1 creases to be made, read the sequence of turns in the production of the
letter L from right to left. If the turn is a -, then fold the rightmost part over the rest of the strip, otherwise fold
it downward. Repeating this recipe n times gives, after unfolding the strip such that the creases are at an angle
of 90◦ , a rendering of the nth iterate of the curve. Figure 4 shows this for a curve of order R = 8 and maps L
7→ L+R+L-R-L+R-L-R and R 7→ L+R+L-R+L+R-L-R.
Most L-systems lead to curves that are self-crossing and not plane-filling. Determining the L-systems
zrender -d=4 -i=4 -m='L L+R+L-R+L

R R-L+R-L-R' -a=@1 --decomp=-1 --id='R5-1' -w=3.0 -e=0.2 -r=-45 -o='r05-1.pdf'

L |--> L+R+L-R-L+R-L-R
R |--> L+R+L-R+L+R-L-R
Axiom: L+R+L-R-L+R-L-R
ID = R8-3

Figure 4: Second iterate of a curve of order eight, via paper folding (left) and its computer rendering (right).
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that do correspond to plane-filling self-avoiding folding curves is the main goal of this project. We have
determined all curves up to order R = 53 on the square grid.
zrender -i=1 -w=4.0 -d=4 -m='L L+R+L-R-L+R-L-R R L+R+L-R+L+R-L-R' -a=@1 --decomp=-1 --id='R8-3'

Tiles, Carousels, and Numeration Systems
Each curve corresponds to a tile generated by the axiom L+R+L+R as shown in Figure 5 for the curve with ID
R13-13. The ID of each curve was assigned by the search program, the first number is the order, the second
tells the position in the list of curves for this order. These tiles indeed tile the plane as illustrated at the right of
Figure 6.

Figure 5: First iterate of the tile for the curve R13-13 with maps L 7→ L+R+L-R-L+R-L-R-L+R+L+R-L and
R 7→ R+L-R-L-R+L+R+L-R+L+R-L-R.
L |--> L+R+L-R-L+R-L-R-L+R+L+R-L
R |--> R+L-R-L-R+L+R+L-R+L+R-L-R
Axiom: L_+R_+L_+R
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zrender -e=0.15 -i=1 -d=4 -m='L L+R+L-R-L+R-L-R-L+R+L+R-L

R R+L-R-L-R+L+R+L-R+L+R-L-R' -a='L_+R_+L_+R' -w=5 -o='r13-13-tile.pdf'

Figure 6: Third iterate of the tile for the curve R13-13 (left), decomposition of the tile into 13 scaled and
rotated copies of itself (right).
L |--> L+R+L-R-L+R-L-R-L+R+L+R-L
R |--> R+L-R-L-R+L+R+L-R+L+R-L-R
Axiom: L_+R_+L_+R
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R R+L-R-L-R+L+R+L-R+L+R-L-R' -a='L_+R_+L_+R' -w=3 -r=-90 -o='r13-13-tile-it3.pdf'

Figure 7: The tile Θ6 for the curve R5-1 (left) and the fundamental region for the corresponding complex
numeration system (right), where the digits {−1 − i, −1, 0, +1, +1 + i} are indicated at the centers of
the five colored regions.
L |--> L+R+L-R+L
R |--> R-L+R-L-R
Axiom: L+R+L+R
ID = R5-1
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L |--> L+R+L-R+L
R |--> R-L+R-L-R
Axiom: L+R+L+R

Figure 8: Tile Θ1 for the curve R5-1, suggesting the values of the digits of the numeration system.
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zrender -d=4 -i=1 -m='L L+R+L-R+L
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We use the symbol Θk for the k-th iterate of the tile. For example, the third iterate Θ3 of the tile for the
curve R13-13 is shown on the left of Figure 6. The tiles built from folding curves correspond to numeration
systems, an integral complex basis together with a set of integral complex digits. The tile Θ6 of the curve
with ID R5-1 is shown on the left in Figure 7. The numeration system has the basis 1 + 2 i and digits
{−1 − i, −1, 0, +1, +1 + i}. The choice of digits can be gleaned from the drawing of the first iterate of the tile
shown in Figure 8. The fundamental region of the corresponding numeration system, the set of numbers of
the form 0.∗ (that is, numbers with zero integral part) is shown on the right of Figure 7. The colors of the five
parts on the right are chosen according to the digit after the decimal point.
The decomposition of the tile of the curve R13-13 shown at the right of Figure 6 was also obtained by
drawing the fundamental region of the corresponding numeration system. Its basis is −3 + 2 i and the digits
are a + i with −1 ≤ a ≤ + 2 (top row), a with −2 ≤ a ≤ + 2 (middle row), a − i with −2 ≤ a ≤ + 1 (bottom
row). The digits are suggested by Figure 5 rotated counter-clockwise by 45◦ .
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Figure 9: Drawings of 4 folding curves R13-13 starting at the origin.

Figure 9 shows the two carousels one can draw with the curve R13-13. The left image is obtained from
the axiom [L]+[L]+[L]+[L], the right from [R]+[R]+[R]+[R], where the symbol [ pushes the current
position and direction on a stack and ] retrieves both from the stack. Figure 10 shows both carousels are tiles
for a lattice tiling of the plane.
R R+L-R-L-R+L+R+L-R+L+R-L-R' -a='[L]+[L]+[L]+[L]' --decomp=-4 --id='R13-13' -w=4.0 -e=0.0 -r=45 -o='carousel-r13-13-l.pdf'
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Figure 10: Tiling of the plane by curves R13-13.

The Search
The following conditions were used in our search. The two sufficient conditions were given by Michel Dekking.
For a curve to be self-avoiding, it is sufficient if the tile Θ1 is self-avoiding [5, Theorem 1, p. 24]. For a curve
to be plane-filling, it is sufficient that all edges inside the interior of Θ1 are traversed [5, Theorem 2, p. 27].
A necessary condition for a curve to be plane-filling is that x 2 + y 2 = R where R is the order of the curve
and x and y are the components of the difference vector between start and end point of the curve.
A search for so-called simple curves, where the L-systems have only one non-constant letter, is discussed
in [1]. Here we have no condition on the net rotation of a curve as for the simple curves where the net rotation
has to be zero [1, Fact 4, Section 2.1.2]. Hence the possible orders R (sums of two squares) are not limited to
odd values as is the case for simple curves.

L |--> L+R+L-R-L-R+L+R+L-R
R |--> L+R-L-R-L+R+L+R-L-R
Axiom: L

L |--> L+R-L+R+L+R-L-R-L+R
R |--> L-R+L+R+L-R-L-R+L-R
Axiom: L
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Figure 11: Two curves with the same shape (left and mid): the set of points traversed is the same (right).

The set of points of a curve is called its shape. We say that two curves have the same shape if they traverse the
> L+R+L-R-L+R-L-R-L+R+L+R-L
same set of points, possibly in a different order, and possibly after rotation and reflection of one of the curves.
> R+L-R-L-R+L+R+L-R+L+R-L-R
In general, more than one curve can have a given shape, as shown in Figure 11.
The freedom regarding the net rotation may explain that there is a significantly greater number of folding
curves for a given order than simple curves. For all orders R ≤ 53, we found 441272 shapes of folding curves,
compared to 3653 shapes of simple curves reported in [1, Section 2.5, p. 14]. Figure 12 shows the number of
curves for orders ≤ 53, see also sequences A296147 and A296148 in [8]. We have no explanation for the

L+R+L-R-L+R-L-R-L+R+L+R-L+R+L-R-L-R+L+R+L-R+L+R-L-R+L+R+L-R-L+R-L-R-L+R+L+R-L+R+L-R-L-R+L+R+L-R+L+R-L-R

3. iterate 114244 lines 52 paths
.0 w = 1.0 r = 45.0 deg (S=1.440423) t=+1 cs = default
Arndt 2017-December-12, 16:21:40 (1513092100-910602)

mp=-4
nder -d=4
-w=1.0
-i=3-r=45
-e=0.0
-o='r13-13-tile-to-curve-decomp.pdf'
-m='L L+R+L-R-L+R-L-R-L+R+L+R-L R R+L-R-L-R+L

R
2
4
5
8
9
10
13
16
17
18
20
25
26

F(R)
1
2
2
6
3
20
14
44
32
69
212
287
796

S(R)

R
29
32
34
36
37
40
41
45
49
50
52
53

1
1
4
6

33

F(R)
438
1402
4232
3202
2242
14316
5080
11122
12374
155305
152602
77469

S(R)
39

164
335
603

2467

Figure 12: Number F(R) of folding curves and S(R) simple curves of order R.
apparent abundance of folding curves for even orders compared to odd orders, see sequences A296149 and
A265685 in [8].
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Figure 13: Descriptions of the curves of order 9.
The L-systems of all curves found up to order R = 40 are given in the file short-folding-lsys.tar.xz at
the URL http://jjj.de/3frac/. This archive unpacks into the directory short-lsys/f4/ containing one file for
each order, such as lsys-r09.txt for R = 9. The contents of the file mentioned is shown in Figure 13. Each
line contains the non-constant maps and the ID of the curve. A comment ‘same = N’ means that the curve
has the same shape as the curve with ID R9-N. A comment ‘symm’ marks curves with shapes having 2-fold
rotational symmetry.

Conclusion
We have determined all folding curves up to order R = 53, substantially increasing the number of known curves
of this type. With this massive collection of folding curves available, it is our hope that artists, engineers, and
scientists will look for what can be done with them. One such use is to look for constructions of families of
curves with extremal properties. For example, the curve of order 50 on the left in Figure 14 led us to believe
that it may be part of a family for which an explicit construction exists: an algorithm that for each n ≥ 1
returns an L-system for one curve of order R(n). Indeed, there is a construction for such curves of orders
R(n) = n2 + 1 for all n ≥ 1. The curve of order R = 192 + 1 = 362 is shown on the right in Figure 14. The
Hausdorff dimension of the tile gets arbitrarily close to 2 for large n, as does the dimension of the border of
the curve. In addition, the net turn of the curve is linear in n, hence increasing without bounds. We found
quite a few such constructions, which will be presented in a future publication.
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Figure 14: The tiles Θ1 of a curve of order 50 (left) and 362 (right).

zrender -i=1 -m='L L+R+L-R+L+R-L+R-L+R+L-R+L-R+L-R+L+R-L+R-L+R-L+R-L+R+L-R+L-R+L-R+L-R+L-R+L+R-L+R-L+R-L+R-L+R-L+R-L+R R L-R+L-R+L-R+L-R+L-R+L-R+L-R-L+R-L+R-L+R-L+R-L+R-L-R+L-R+L-R+L-R+L-R-L+R-L+R-L+R-L-R+L-R+L-R-L+R-L-R' -a='L_+R_+L_+R_' -d=4 -e=0.15 --id='' --comment='# thin-lr-curl-curve.gp: R50-x #

m=6

L |--> L+R+L-R+L+R-L+R-L+R+L-R+L-R+L-R+L+R-L+R-L+R-L+R-L+R+L-R+L-R+L-R+L-R+L-R+L+R-L+R-L+R-L+R-L+R-L+R-L+R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R

R |--> L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L-R+L-R+L-R+L-R+L-R+L-R+L-R-L+R-L+R-L+R-L+R-L+R-L-R+L-R+L-R+L-R+L-R-L+R-L+R-L+R-L-R+L-R+L-R-L+R-L-R

Axiom: L_+R_+L_+R_

t=1' -i=1 -e=0.15 -w=3 -r=+45

# thin-lr-curl-curve.gp: R362-x #
d = 4
1. iterate
1448 lines
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e = 0.15
Jörg Arndt
zrender -i=1 -m='L L+R+L-R+L+R-L+R-L+R+L-R+L-R+L-R+L+R-L+R-L+R-L+R-L+R+L-R+L-R+L-R+L-R+L-R+L+R-L+R-L+R-L+R-L+R-L+R-L+R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R R L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R+L-R-L+R-L+R-L+R-L+R-L+R-L+R-L+R-L-R+L-R+L-R+L-R+L-R+L-R+L-R-L+R-L+R-L+R-L+R-L+R-L-R+L-R+L-R+L-R+L-R-L+R-L+R-L+R-L-R+L-R+L-R-L+R-L-R' -a='L_+R_+L_+R_' -d=4 -e=0.15 --id='' --comment='# thin-lr-curl-curve.gp: R362-x #

m=18

m=18 t=1
4 paths

ds = 0.000000

w = 3.0
r = 45.0 deg (S=10.572465)
t=+1
cs = default
2018-April-03, 12:08:13
(1522750093-887960)

t=1' -i=1 -e=0.15 -w=3 -r=45
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